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Introduction
In the last few years, problems concerning spectral multiplicity have become of
a renewed interest. There have been presented new constructions of automor-
phisms with given spectral multiplicity ([6], [15], [16], [17]). The history of the
spectral multiplicity problem in ergodic theory till 1983 has been described in {15].
Since then, new results have appeared, especially around the Banach problem of
finding an automorphism with simple Lebesgue spectrum. In 1984, Mathew and
Nadkarni [11] constructed a family of automorphisms having Lebesgue compo-
nent of multiplicity 2. A similar result was achieved in [12]. In [1] and [10], the
authors constructed examples of automorphisms having Lebesgue component of
arbitrary even multiplicities.

Let Tz = z- €™ be an irrational rotation of the circle S* = {z € C: |z] =
1}. In this note we take up the Lebesgue spectrum problem in the class of
homeomorphisms of the torus S x S! given by the extension

1) To(z,w) = (2 €™, p(2)w),

of T, where ¢: S — S?! is a smooth map. Such a ¢ can be represented as

(2) ‘p(e2m'z) = e21ri¢(z) . eZm'mz’

where ¢: R — R is periodic of period 1 and smooth. In this representation,
m € Z is unique, while ¢ is unique up to an additive integer constant. The
number m is called the degree d(y) of ¢.

In [5], the authors have proved that if d(¢) =0 and @ is absolutely continuous
then the maximal spectral type (m.s.t.) of T, is singular. Here, we show that

quite the opposite happens for nonzero degree and ¢ sufficiently smooth.

THEOREM 1: Suppose that ¢ is absolutely continuous and ¢' is of bounded
variation. f m = d(¢) # 0, then T, has countable Lebesgue spectrum in the

orthocomplement of the eigenfunctions of T.

In [9] (see also [3], p.344), Kushnirenko proved a similar result concerning
diffeomorphisms of the form (1) under the assumption that ¢' +1>0 and @ €
C*R).

According to Theorem 1 and the mentioned result of [5], on the torus S x St
there are no C?-diffeomorphisms of the form (1) with Lebesgue component of
finite multiplicity.
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We also discuss mixing properties of (1), where ¢ is absolutely continuous of
nonzero degree or, more generally, is piecewise absolutely continuous. In partic-
ular, we prove that if ¢ is absolutely continuous and has nonzero degree then in
the orthocomplement of the eigenfunctions of T the automorphism (1) is mixing.

In Section 4 we show that the results obtained for absolutely continuous cocy-
cles of nonzero degree are no longer true if we only assume bounded variation of
the cocycle. This is done by a construction of a degree 1 continuous monotone
cocycle which is a coboundary. The construction however requires a to have
unbounded partial quotients.

In the last section, we consider more general automorphisms on finite dimen-
sional tori defined by

(3) S(CZm‘zl’ eZm’zz, e e21n'z,) — (621ri(zl+a)’ eZni(zg+dz,1n+¢1(31)),
2Wi(zq+dg,lzl+"'+dq.q—l’q-1+¢q—1(’11---:3q-1))
..y€ )s
where din € Z, dna—1 # 0 for each n = 2,...,q. We generalize a result of

Furstenberg [4] concerning strict ergodicity as well as a result from [3], p. 344,
about the Lebesgue spectrum of such automorphisms.

1. Notation and facts from spectral theory

We assume that the reader is familiar with the basic facts on the spectral theory

of unitary operators (Appendix in [13] is of sufficient scope).

2xio

Suppose that Tz=2z2-¢ is an irrational rotation. Denote

H=IXS%,)),
where )\ is Lebesgue measure. We will consider unitary operators U: H — H
given by

(4) (Uf)2) = F(z)f(T2),
where |F| = 1. For each f € H, we will denote by o5 the spectral measure
of f,1ie.
sy = [ dose) = @11, mez
s

For the operator M: H — H defined by Mf(2) = 2f(z) the commutation
relation
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(5) UM = é®™* . MU
holds. We have the following classical
LEMMA 1 ([13], Wiener Lemma): Suppose that Hy C H is a closed M —invariant
subspace of H. Then, there exists a Borel set B such that
Hy={feH: f|B°=0}.

The next five lemmas are well-known (see [8]), but we include the proofs for
the reader’s convenience.
LEMMA 2: If H, is a closed subspace of H which is simultaneously M— and
U—invariant then Hy = {0} or Ho = H.

Proof: By Wiener Lemma,
Hy={fe€H: f|B°=0}.

Take xp € Hy. Since Uxp = F-x7-15 € Hy and |F|=1, T7'B C B, so by
the ergodicity of T either A\(B) =0 or 1. |

LEMMA 3: Them.s.t. of U is either discrete or continuous singular or Lebesgue.

Proof: Suppose that H = Hy @ Hy & Ha, where Hy (H,, H; resp.) consists
of those f € H whose spectral measure o; is discrete (continuous singular,
absolutely continuous resp.). Notice that H; is a closed U—invariant subspace
of H. In view of (5),

(Uka, Mf) = eZm'ka(Mka, Mf) = eZRika(ka’ f)

Hence, opyf = 0y * 6.3via. Consequently, each H; is also M—invariant, so by
Lemma 2 it has to be trivial.

It remains to prove that if Hy = H then the ms.t. o5 of U on H; is
Lebesgue. Notice that for each n € Z

(6) OMnf=0f% 5,::-'" < of <L A
Suppose there exists a Borel set A C S! such that g4(4) =0 and A(4) > 0.

In view of (6),
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(7 of(eF " A) =0 (n € 2),

s0 05(Unez €*""*A) = 0. On the other hand, MUnez e?min 4) = 1 by the
ergodicity of the irrational rotation, a contradiction. | |

LEMMA 4: If the m.s.t. of U is Lebesgue then the multiplicity function of U is

uniform.

Proof: Let H = @%%,Z(fn), where
Z(f'l) = span{U‘f,, 11 € Z} and of > o>,

Notice that in view of (5),

H=MH= éZ(Mf,.)
n=1
and

OMfy > OMf >
since opf, = Oixia * 05, . Hence, by the uniqueness of the spectral types, we
have oy, ~ §,avia x0y;, j = 1,2,.... Therefore, all the nonzero spectral measures
are equivalent to Lebesgue measure. |

LEMMA 5: Suppose that f € H and Yoo _ U™, f)|? < 4+o0. Then o5 < A.

n=-o0

Proof: Let g(z) = Ypo_oo(U*f,f)z=* in L?*(S!,)). Now, the absolutely
continuous measure dv(z) = g(z)dA(z) coincides with oy since for every n € Z

we have

o(n) = z2"g(z z=°° k 2" kdA(2) = (U™ = dg(n).
o) = [ Pe@BE@ = Y O [ ) = 07, ) = dytm)

k=-o00
B

Denote

1 if n=0,

F(z)F(Tz)-...-F(T"'z) if n>0,
F™(z) = {
(F(T™z)-...-F(T72))! if n<O.
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COROLLARY 1: Suppose, for the operator U given by (4), that

(8) 3 /S FOa(E)| < +oo.

n=—oo

Then U has Lebesgue spectrum of uniform multiplicity.

Proof: Put f =1 and notice that (8), by Lemma 5, gives rise to the conclusion
that oy < A. Then, apply Lemmas 3 and 4. |
Now, let T, be given by (1). Let us decompose

(9) L}s'xshag)) = @ B,

n=—o0
where
H™ = {g: g(z,0) = f(2)v", f € L*(S*,\)}.
Observe that H(™ is a closed Ug,—invariant subspace of L%(S* x S*,A ® A),
where Ur,(g9) =goT,.

LEMMA 6: The operator Ut, : H (™ — H®™ s unitarily equivalent to U™ :
H —s H, where (U™ f)(2) = ¢(2)" f(T=).

Proof: We define V: H(™ — H by putting Vg = f, where g(z,w) = f(2)w".
Then V is an isometry form H(™ onto H and moreover

(Ur, 9)(z,w) = f(Tz)(p(z)w)" = f(Tz)p(2)"w",

(VUr,g)(2) = f(T2)p(2)" = (UMVg)(2)

and the result follows. |

2. Proof of Theorem 1

Let &: R — R be periodic of period 1. Fix o« € [0,1) and denote
¢(z)+@(z+a)+--+@z+(n—-1)a) if n>0,

#")(z) = { 0 if n=0,
—(@g(z +na)+ -+ ¢(z + (—a))) if n<@.
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If ¢ isin addition absolutely continuous then we denote by ¢: R — R a
periodic function of period 1 which is a.e. the derivative of ¢ (then @ is the
indefinite integral of ¢').

The following lemma is similar to Lemma (4 - 3), due to van der Corput, from

[18], p.197.

LEMMA T: Let f:[0,1] — R be absolutely continuous with f(1) — f(0) € Z.
Let f': [0,1] — R be a.e. equal to the derivative of f. Assume that the variation
Var(f') of f' on [0,1] is bounded and f'(0) = f'(1). Moreover, suppose that
there exists a > 0 such that |f'(z)] > a for z € [0,1). Then

. Var(f')
2xif(z) <
|/0 e d:vl S g
Proof: By integrating by parts we obtain
1 . d(e21rtf(z)
2xif(z) d
[ = ) [ A0
me(::) rif(z
TI[_'W]O /o ¢’ f()d( )l
1 meflz
& [ om0zl < rVar(f»

, the result follows. [

1l

. 1 Var(f'
Since VaI(‘fr) < .

LEMMA (Basic Lemma): Suppose a« € [0,1) is irrational. Let ¢ be absolutely
continuous and periodic of period 1. Assume that the variation Var(¢') of
@' on [0,1] is bounded. Then, for any m,N € Z {0}

1 -
] / 2N(E™ (2)4nmz) dz) < Var($')
0 |

for |n| large enough.

Proof: Fix 0 < e < 1/2. Since ¢' is Riemann integrable on [0,1], from the

strict ergodicity of the irrational translation

| &)™) / 0 dt| <e

holds for |n| > no uniformly in z € {0,1]. Since @ is periodic, fol f'(t)ydt =
Hence |(¢")™(z)| < €ln| for all z € [0,1] and |n| > no. Therefore, for
[n| > ne, we have
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(10) [(#") ™ (2) + nm| > (Im] — €)n].
We also have

(11) Var(¢') = Var(¢'(z + je)), j € 2,
(12 ()™ = ).

Put f(z) = N(¢™(z) + nmz). In view of (12) and (10), we get |f'(z)| >
|N|(|m|—¢€)|n|. By (11), Var(f') < |Nn|Var(¢'). Hence, by Lemma 7, for |n| > ng,

L omiN(am Nn|Var(g') Var(¢')
e21nN(zp( Y(z)+nmz) dz| < ‘ Y < '
Ji | ST - 9 < Tl

which completes the proof. |
We intend to prove that (using the notation from Lemma 6) Ur,: H™ —

H®™) has uniform Lebesgue spectrum whenever N € Z \{0}. In view of Lemma 6
and Corollary 1, it is enough to prove that

> | L™ d@f <o

n=-=00

Since ¢ is given by (2), all we need to show is that

ad 1
2. | / 2MNE M (@ tmnet 2t ma) g 2 o 4o,

n=-—00 0
which holds true by Basic Lemma. Since N runs over an infinite set, Uz, has
countable Lebesgue spectrum in the orthocomplement of H(®) and the proof of
Theorem 1 is complete. B

We do not know what the values of the spectral multiplicity function of U(!) are
in case of T, considered in Theorem 1. The spectrum is of uniform multiplicity

jm] if @ is constant and d(¢) =m #0.

3. Remarks on absolutely continuous cocycles

Remark 1: In [5], the authors have proved that if T, is given by (1) and ¢ is
absolutely continuous of nonzero topological degree then T, is ergodic, in fact it
is weakly mixing in the orthocomplement of the eigenfunctions of T. Using our
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method, we can prove that T, is even mixing in that orthocomplement. Indeed,

since T has discrete spectrum, it is enough to show that

1
(13) lim [ e2miN@E(E@+nma)gy — o

n—oo 0

for each N,m € Z~{0} and an arbitrary ¢ : R — R which is 1-periodic and
absolutely continuous. By integrating by parts, we have

1 1
' / eZwiN(qﬁ(”)(z)-f-nmz)dxl _ ' / L‘ﬁ'(n)(z)e21riN(¢(")(z)+nmz)dzl
0 o mn

1
1.
]%[/o I;;(p (")(z)|dz.

Since @' € L(S,)), applying the ergodic theorem (L!-—convergence) to the
rotation by 2" we obtain (13). |

IN

Remark 2: In the same paper [5] an isomorphism invariant S,(T) for the
automorphisms of the form (1) has been introduced. It is given by

1

S,(T)= limsup |/ 62’""”(')(’)d:::|.
llgaj|—0, geN 0

It has been proved in [5] that S,(T) < 1 whenever ¢ is uniformly Lipschitz

continuous and of nonzero topological degree. From Remark 1, much more fol-

lows: the invariant is equal to zero (in fact, it is zero whenever the cocycle ¢ is

absolutely continuous with a nonzero degree). |

Remark 3: A function f: [0,1) — R is said to be piecewise absolutely
continuous if there are 0 = 9 < 21 < ... < Zp < Tp41 = 1 such that f
is absolutely continuous on each interval [z;,z;4+1) (in particular f(z;4; — 0)
exists), 1 = 0,...,n. Notice that if f is piecewise absolutely continuous then
there exist g,h: [0,1) — R such that

(14) f=g-h,

where ¢ is absolutely continuous and h is a step function, with the discontinuity
points zj,...,Tn, S0 h restricted to each interval (zi,zi41) is constant. If
f = g1 — b1 is another representation in which g; is absolutely continuous and
h; a step function with the discontinuity points y1,...,¥m , then for some c € R
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we have g = g1 + ¢, h = h; + ¢. We say that a piecewise absolutely continuous
function f is essential if g(1—0)—g(0) € Z ~{0}. Pask in [14] has proved that if f
is piecewise absolutely continuous, fol f(t)dt = 0 and the derivative f' is Riemann
integrable with fol f'(t)dt # 0 then for each irrational a the corresponding skew
product Ty: St x R — S x R, Ty(e?™2,s) = (e?™(=+9), f(z) + 5) is ergodic
(on R we consider the infinite Lebesgue measure). Notice that for each piecewise
absolutely continuous function f its (a.e.) derivative is Lebesgue integrable and

moreover L
/ F(t)dt £0
0

whenever f is essential. Let f be essential and f =g — h be a representation
(14) of f. Then the integration by parts as in Remark 1 (with m replaced by
9(1 — 0) — ¢(0)) yields 1

(15) lim [ €29y = 0.

n—oo 0

Now, h is a step function so by a result of [5] it follows that if a has unbounded
partial quotients then

(16) Saen(T) = 1.

Putting (15) and (16) together, we get that there exists a sequence
(‘In)’ ”‘Ina” — 0, such that

17 lim 1 2mif @) gy — .

n=Jo
Indeed, this is a consequence of the following two more general observations.
Let (X,B,u) be a probability space. Suppose that (f.),{gn) are sequences of
measurable functions whose values are of modulus one. Then
() I [y fa(z)du(z) — ¢, || =1, then f, — ¢ in p
since [y (1 — Re(c™! fu(2)))du(z) — 0 and 0 <1 - Re(c™fa(2)) < 2.
(i) If fo — cinp, Je| =1 and [, gn(z)dp(z) — 0 then [, fa(z)gn(z)dp(z)
—0

since
iy | [ fogodisl = Jim | [ fosndu—c [ gudil
< 1im/|f,.—c|du=0.
X

n—oo
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By the result of Pask, it follows that for certain piecewise absolutely continuous
maps f the skew products T, where ¢(e?"%) = €2f(2)  of the form (1) are
ergodic. However, we can prove that in addition the transformations T, are
weakly mixing in the orthocomplement of the eigenfunctions of T whenever f
is essential. Indeed, if 6 is an eigenvalue of T, with an eigenfunction orthogonal
to H( (see (9)) then, by [2], there are a measurable function 3: ' — S?
and N € Z {0} such that ¢V = 64 o0 T/+. Hence, there exists a sequence (z;)
of complex numbers of modulus 1 such that for each € > 0
(18) lim A{z€S': [(eM)P(2) - 2| >€}) =0.

ko] —0
But the function Nf is essential so (17) is still satisfied for it. This is a contra-
diction to (18).

We do not know whether for every essential f and every a with bounded partial
quotients the skew product T,2»i; is weakly mixing in the orthocomplement of
the space generated by the eigenfunctions of T. |

4. Cocycles with bounded variation

As indicated in Remark 1, absolutely continuous cocycles with nonzero degree
give rise to ergodic extensions. In 1961, Furstenberg [4] proved the above asser-
tion under the stronger assumption of the Lipschitz property of the cocycle. He
noticed that his assumption could not be essentially weakened since the result
is no longer true for continuous cocycles of nonzero degree with bounded varia-
tion ([4], p.583). However, in a private conversation, Professor Furstenberg has
recently communicated to us that no appropriate counterexample was ever pub-
lished. This section will be devoted to constructing this kind of counterexample.

We begin with some general remarks on circle cocycles. Let T: (X,B,p) —
(X,B,u) be an ergodic automorphism of a probability space. Let ¢: X — S?

be a cocycle.

Definition 1: A set Y C X of positive measure is called a fixing set for ¢ if
for each natural number n > 1

(19) ¢™(z) =1 whenever z,T"z €Y,

where ¢(™(z) = p(z) - @(Tx) - ... (T 'z). |
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We say that a cocycle ¢ is a coboundary if ¢(z) = f(Tz)/f(z) for a
measurable function f: X — S'. Notice that if ¢ is a coboundary then the
corresponding extension

Ty: (X x §%,B,5) — (X x SL,B,7), To(z,2) = (T2, ¢()2),

where B is the product c—algebra and i is the corresponding product measure,
is not ergodic (the function F(z,2) = f(z)z~! is T,—invariant). Actually T,
is ergodic iff for each k € Z {0} the cocycle ¢* is not a coboundary ([2]).

PROPOSITON 1: If ¢ has a fixing set Y then ¢ is a coboundary.

Proof: For an arbitrary =z € X consider the set
9(z) = {p™(): T € Y},

Since T is ergodic, g(z) is nonempty: actually, under the action of T almost
each point visits Y infinitely many times. Now if ™z, T™?z € Y, n; < ng, then
Tr~™(T™g) = T"z soin view of (19),

P"(2) = g @) (T ) = o).

Therefore g can be viewed as an a.e. defined function from X into S'. It is

measurable since for any B C S

00
g7'(B) = J T7*Y n (™) 7}(B).
k=1
Take 2 € X and let T"z € Y for some n > 2. Thus 7" }(Tz) €Y, n—-12> 1,
so g(Tz) = ¢(Tz)-...- (T 1z) whence p(z) = g(z)/9(Tz) and the result
follows. 1

We will also need the following lemma.
LEMMA 9: Let ¢,1 > 0. There exists K(e,l) such that if K > K(e,l) and a < b
with b—a =1 then we can find numbers

a=cp<c; < -<cg=h

satisfying
jxl .
|a+—K—l—c,-|<e (]=0,1,...,K)
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and
K-1

ZCJ'EZ.

j=0
Proof: If | < ¢ the assertion easily follows by the continuity of summation
whenever K1 > 1. In general, cut [a,b] into consecutive small intervals of equal

length, use the same K for each, and concatenate the resulting c;’s. |

Below, we list some properties of continued fraction expansion (see e.g. (7],
Chap. X). Let a be an irrational number from [0,1) and

1
a=

a; +

az + e
be its continued fraction expansion. The positive integers a, are called the

partial quotients of a. Put

Py=0, Po=1, Pyy1 =ant1Pn+ Pay

Qo=1, Q1 =a1, Qnt1 = n41Qn + @n-1-

We have
1 P, 1

@it 0 < < G
Qn+1”Qna” + Qn”Qn+la“ =1,

where ||t|| denotes the distance of a real number ¢ from the set of integers. By
{t} we denote the fractional part of ¢.

For the rest of this section we denote by T' the irrational translation mod 1
by a on [0,1). Hence, from the continued fraction expansion of a we obtain,
for each n, two Rokhlin towers £, £, for T whose union is the whole interval

[0,1). For n even
&n = {[0,{Qna}), T[0,{Qna}),..., T+19»+@-1"1[0, {Q,a)})},
Zn = {[{Qn-{-la}, 1): T{{Q?H'la}a 1)5 ceey TQ"_I[{QWHQ}’ 1)}

We will denote

L = [0, {a2841Q2x0a}), J{ = T°9*(0,{Qs10}),
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s=0,1,...,a2k4+1 — 1. We have

azk4i—1

=4 xn

=0
and g = {Ix, TIx,...,T9* "I} is a Rokhlin tower.

THEOREM 2: If o has unbounded partial quotients then there exists a continuous
increasing function f : [0,1] — R, f(1) — f(0) = 1, and a measurable ¢ :
S! — S such that

eZm'f(z) — ,¢(e21ri(z+a))/¢(621riz)
for a.a. z € [0,1).

Proof: Without loss of generality we may assume that the set {azg4+1: k> 1}

is unbounded. Indeed, in passing from « to 1 — a the sequence (a,) shifts by

a single position to the left (if a; > 1) or to the right (if a; = 1) starting from

n > 3. If a function f is constructed for 1 — a then foT works for a.
Choose €; > 0 so that

(20) Y i<l
i=1

We will inductively define a sequence of continuous and increasing functions
fi 10,1 — [0,1], £;(0) =0, f;(1) = 1. Moreover, for each j > 1 we will have

| fizr — fill <ej.

The function f; will depend on a choice of a certain subinterval A; of Ij; of
the form Aj = JUJT UL .UTTH ™ Denoting Aj, = T°A; and letting

Qzi; -1
Bi= |J 4
8=0
we will have
(21) A(Bj) < €

(here A denotes Lebesgue measure on [0,1)). If, for a fixed j, we cut [0,1) into
the intervals Aj, and the gaps between them, then f; will be linear on each
Aj,s and constant on each gap. If Cj = Aj,, UAjs, U...UAj,,. is the union of
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those intervals Aj, on which f; is nonconstant, then we will have Cj4; C C;
and fjy1 = f; off Cj, so to build f;41 we only change f; on some of the
intervals Aj,. In this induction procedure Lemma 9 will be repeatedly used to

construct a fixing set for 2™/, where f =limj,o0 f;-

STEP 1: Taking as parameters €1,1 we apply Lemma 9 to get a number Kj.
Then we find k; such that

(22) i

<é
A2ky+1

and u; with

2
g <uw<ui+ K -1< 302ki+1:

3
Define
Qai, —~1
U T’(AI )’
=0
where

Ay =T uJgtty.. oy gptiast,

Notice that by (22), A(B1) = Q2k,|A1] < €1, so (21) holds for j = 1. Finally, we
define f:[0,1] — [0,1] by putting

for 0<z<p,

fiz) = —g for B<z<y,

for y<£z<1,

where A; = [8,7).

In order to illustrate the induction step we next show how to define f2.

STEP 2: Since in Step 1 the number K has been selected according to Lemma 9,
we find
0=filB)=co<ea < - <cx, = fily) =1

with
Ki—-1

chgEZ

k=0
and satisfying the remaining statement of Lemma 9. Now, we apply Lemma 9
with parameters €3, ¢x+1 — ¢k to select Ky, the same for each k =0,1,..., K; —1.
Given K; we choose k3 > k; in such a way that
K,
a2k, +1

< &g



88 A. IWANIK ET AL. Isr. J. Math.

and up with

2
§azk,+1 <uz<us + Ky —-1< —3-a21,,+1.

We will define f; using the parameters ci. More explicitly, notice that T(¥1+9)Qax,
I;, is aleft-hand subinterval of J,:‘:’H, t=0,...,K; — 1, and obviously

T(v1+i)Qak, A, C T{¥1+$)Qan, Ii,.

Now we cut A; into the subintervals T(¥1+)%2% Ay and the gaps between them.
To define f, set the constant values ci on the consecutive gaps (k =0, 1,...,Ky)
and complete f, linearly on the remaining subintervals. It follows from Lemma 9
that

lIfa — All <er-
It is also easy to see that A(B;) < 3.

INDUCTION STEP: Assume f; has already been defined, where f; is linearly

increasing on some of the intervals Aj, (s =0,1,...,Q2; — 1), say,
AJ':OI ’ Ajv’za ceey Aj,a,).

and has constant values summing up to an integer value on the gaps between
these intervals. Moreover, each interval Aj,; consists of K; translates of J,‘c’,,,
where K; is chosen according to Lemma 9 with parameters € and [f;(4;,,)] (i =
1,2,...,t;). Now, by the assertion of Lemma 9, letting A;,; = [8;,7:) we find

fi(Bi)=coi<eri<--<ck;i= fi(7)

with
K; -1

Z cki €Z

k=0
and satisfying the remaining statement of Lemma 9.

Next apply Lemma 9 with parameters €;41 and ciq1,i —cri (F=0,1,...,
K;j—1;i=1,2,...,t;) toselect Kjyi;. Given Kj4; find kjy1 > k; such
that K

j+1
azk,:+1 <éit
a.nd Uj41 Wlth

1 2
3%kin+1 < Uit < Ui +Kjp1—-1< 3%2ki4i 41
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Now define

Kj41-1
= uiprti
AJ+1 —_— U Jk,'.*.g .
=0

We clearly have A(Bj41) < €j4+1. The components T*Aj4, of Bjy, are subin-
tervals of the corresponding translates of Iy;,,. Cut each A;,; into the intervals
T*Aj+1, where s = 8; + (uj +r)Qa;, r =0,1,...,K; — 1, of Bj;; that are
contained in Aj,; and the K; 4+ 1 gaps between them. To define f;4; put
the values coi,c1,,...,Ck;,i on the consecutive gaps (according to the natural
ordering of [0,1)) and complete f;;1 linearly on the remaining intervals. Now,
clearly
fi+r = fFill < &5

and fj4 increases only on some of the intervals T°Aj41, s =0,1,...,Q2k;,, —1,
with the values of constancy (assumed between these intervals) summing up to
an integer.

The description of the induction step completes the definition of f = lim f;.
Now, we proceed to the second part of the proof to show >/ is a coboundary.
Denote -

Y =00, B;.
j=1
It remains to prove that Y is a fixing set for e2™f. Let z,TVz € Y. In view of
(21),(20) and Proposition 1, all we have to show is that

(23) f&)+ f(Tz)+...+ F(TV'2) e Z.

First note that if Tz,T%z,...,TN"'z € Y then f(z), f(Tz),...,f(TN'z) €
{0,1} in which case we are done. Therefore we may assume T™z is not in
Y for some 0 < n < N and let n be minimal with this property. Now
f(z), f(Tz),...,f(T* 1z) € {0,1} and there exists j > 1 such that T"z € B,;.
Since T""!z is not in Bj, which is a Rokhlin tower with base Aj, we have
T"z € Aj. As Bj can also be viewed as a Rokhlin tower with base J,/ and
height Q2i; Kj, we must have

T"z € J;}.
3
We are going to prove

(24) f(Tnx) + f(TmHz) 4+ f(T'H-Qu,- K; —lz) cZ.
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By the inductive construction above, the function f; is constant on some of
the components T*A; of B; and increases linearly on the other components
Aj,,l,A,-,,,,...,Aj,,,j. Moreover, f = f; on the components of constancy, and
the values assumed on these components sum up to an integer M; (note that
these are all the constant values assumed by f;). Now, (24) is equal to the number
M;K; plus those summands f(T?z) for which T°z € A;,, UAj,, U---UA;4,
so to prove (24) it remains to show that these summands add up to an integer.

First, we observe that 7"z is not in Bj;. Indeed, T"z cannot be in A4 since
Ajy1 C Iy, C J,?,, and JEJ, NA; = 0. On the other hand, if T"z € Bj41 N\ Aj
then T" 1z € Bj41 so T" 1z would not belong to Y, a contradiction.

Now, split J,:‘j" into three consecutive subintervals Al, A}, A} with A? =
T9*i% Ajy; C Bjy1. Note that T"z € A} U A? and consequently f(T"*'z)=
fit1(T"Hz) for 1 = rQak; +38i (r =0,1,...,K;-1,i=1,2,...,t;). We consider

two cases
CasE 1:  T"z € A}. Now, for each i =1,2,...,¢;
Ttz € TS A} C A
so the sum of those f(T’z) in (24) for which T’z € A;,,; is equal to
coitcrit o +ck;-1,i€2Z.
CasE 2: T"z € A}. We have
Tz € T% A3 C Aj;
so the sum of those f(T”z) in (24) for which T’z € A},,; is equal to
(25) cLitcz,i+ ek i
There exists a permutation ¢ of {1,2,...,%;} such that the disjoint intervals
Ai.aa(l) ) Aj,aa(z)’ SRR Ai»’c(c,-)

follow the natural ordering of [0,1). Note that ¢g 1) = 0, ck; ;) = 1, and
CK; a(i) = Co,0(i4+1) for i =1,2,...,t; — 1. By adding up the partial sums (25)
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corresponding to 1 =1,2,...,%; we obtain

t; K; t K
DD ki = 3D ko)
i=1 k=1 =1 k=1
ti—1 K; K;-1
= ¢o,0(1)t+ Z ch,o(i)+ E Ck,o0(t;) T CK;,0(t;)
=1 k=1 k=1
t; K;—-1
= Z Z Ck,o(i) T 1eZ.
=1 k=0

Thus far we have proved (24), which also yields
f@)+ f(Ta) + -+ f(T™H ) e z.

Observe that if we denote ¢; = T"*9*i¥iz and Ny =N —(n+ Q2x; Kj) then
1< N; < N and TViz; €Y so the remaining part of (23) is equal to

flz1) + f(Tay) + - + f(TV " 1y).

Now if r, € Y, we may repeat the same argument for z;,N; in place of z, N
to prove that the last sum is an integer; we will be done after a finite number of
steps.

To complete the proof we show ; € Y. Since I}; is disjoint with B, U B U
++UBj-1 and z; € I};, the point z; cannot belong to By UB,U---U B;_;.
Suppose z; € Bj4, for some r > 1. Since Aj;,NBj =0 and clearly z; is not
in Aj},, we have T~%z; € Bjy, forall k =0,1,...,p, where p is a number
greater than Q2p; K. In particular,

T—(Q2; K','+1):':l =T 1z ¢ Bjyr

whence T~z €Y, a contradiction. Since obviously z; does not belong to B;

we must have z; € Y, which ends the proof of the theorem. |

5. Some generalization

Let T:(X,B,p) — (X,B,p) be an ergodic automorphism of a standard Borel
space. Fix a cocycle ¢: X — S, Assume also that a measurable function

g9: X x R — R is periodic of period 1 and absolutely continuous as a function
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on R for all z € X. Let ¢'(z,:) be a periodic function of period 1 which is a.e.
equal to the derivative of g(z,-). Moreover, assume that

¢ € LY(X x[0,1)).
For a fixed r € Z {0} put
1/)(1,6”"") - e21ri(g(z,a)+n)’
where s € [0,1). Denote by ji the product measure on X x S* x SI.
For an automorphism 7: (Y,C,v) — (Y,C,v) and a function u: Y — R we

set
Sa(u(y),7) =u(y) + - +u(r"y),

while for £: Y — C we put

Ma(é(y),7) =€) - .- - E(7" 1),
Under the above assumptions we have the following result.

THEOREM 3: The automorphism (T,)y: X x S* x 81 — X x S! x S defined
by
(To)u(z, 3™, ™) = (Tz, p(2)e*™, (z, €*™*)e*™)

is mixing on the orthocomplement M of the functions depending only on the
first two coordinates in L*(ji).

Proof: There exists a measurable function f: X — R such that ¢(z) =
e2™/(2), Let Tj: X xR — X x R be defined by Ty¢(z,s) = (Tz, f(z) +s). We

then have

I(%(z,€’™),T,,)

I

H”(e21ri(y(z,o)+n),T¢) = eriS,,(g(z,a)+ra,T;)
eZm'S,. (g(z,a),T;)e2tirnse21riT ;-':: S; (f(l)'T).

Let
G(z,w,z) = Fz)wM 2N,

where F is bounded, |F| < C, M € Z, N € Z~{0}. Denote

Un = /X /S 1 /s G((Ty)p)" (2w, 2))G(z, w, 2) dp(z) dM(w) dA(2).



Vol. 83, 1993 IRRATIONAL ROTATIONS 93

Since the functions G form a linearly dense set of functions in M, all we need

to show is that lim,—, vn = 0. We have
Up = /X Lt ‘/s1 G(T"z,In(p(z), T)w, Ha((z, w), T, )2)G(z, w, z)
du(z) dA(w) dX(2)
= [ [ P P @a(o(e) DM (a2, To )Y dia) dr(w)

=A[) F(T“x)ﬁa(nn((p(z)’T))M(H"(¢(z,e21ria),T¢))Ndl‘(z)ds
=/F(T"x)m(nn(¢(z)’T))MeZm'rN :';'11 S;(f(2).T)
X

1
x (/ e21n'NS,.(g(z,a),T,)e21riNrna ds) d;t(z).
0
By integrating by parts, we obtain that

o [ 87N 27N Sa(9(z,9), T
la| < © |[21errn l

1 2xiN
_/ e_,_rlehilvsn(y(z,a),Tf)z,riNS"(g'(z 3), Ts) ds| du(z)
o 2miNrn R

1
= %+ G/ [ s Tidsdua)

? : ' 1 wis
= 7r|]€rn|+% X./o IES'n(h(a:,e2 ), Tp)| ds du(z),

where h(z,e*™*) = ¢'(z,s), (z € X, s € R). Since ¢'(z,-) € L}(X x [0,1]),
J [ #a ety dsaute) = [ (ote1) - o(2,0) dut) =,

so [y fol [LSn(h(z,e?™?),T,)|dsdu(z) — 0 by the ergodicity of T,, whence

v, — 0. |

Remark 4: It follows from Theorem 3 that the automorphism (7,)y is ergodic.
Hence, we generalize a result from [4] concerning the strict ergodicity of certain
homeomorphisms of the form (T,)y because the uniform Lipschitz condition
assumed there guarantees that the derivatives are bounded a.e., thus in L!. By
another statement from [4] (Thm.2.1) the transformations (3) are strictly ergodic
whenever each @; satisfies uniform Lipschitz condition in z;. Theorem 3 says

more, namely
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COROLLARY 2: Let S be given by (3). If for each j =1,...,q—1 the function
@j(21,...,Tj-1,") is absolutely continuous with the (a.e.) derivative in L' then
S is mixing on the orthocomplement in L*(S! x --- x S, A ® - ® A) of the

functions depending on the first coordinate.

Proof: We apply inductively Theorem 3 to the transformations
(... (Tyy)gs - - -)g; » Where

2wia 2mwiz) 2®iz;
N )|

z, pj(e
= 2™i(zitdj izt +d) 121+ @j -1 (212 -1))
,

Tz=¢e

j=1...,¢9—-1 |
Using the method introduced in the proof of Basic Lemma we easily extend

the result obtained in Theorem 1 to the following.

THEOREM 4: Under the assumptions of Theorem 3 if in addition the functions
g(z,-) have derivatives of bounded variation (uniformly in z) then (T, )y has ab-
solutely continuous spectrum in the orthocomplement of the functions depending

on the first two coordinates.

Proof: By the proof of Theorem 3 and Lemma 5 all we need is show that

1
/ I/ e21n'NS,.(g(z,a),T!)e21rirnNa dsl d;z(:z:) — 0(_];)
X i) n
This follows as in Remark 1. |

Consequently, we obtain the following strenghtening of a result from (3], p.
344.

COROLLARY 3: If S is given by (3) and the functions @;(z1,...,2j-1,) have
derivatives of bounded variation (uniformly in zi,...,z;j—1) then S has count-
able Lebesgue spectrum in the orthocomplement of the eigenfunctions for the

irrational rotation.

Proof: From Theorem 4 it follows that S has absolutely continuous spectrum in
the orthocomplement of the eigenfunctions of T. But as T,,, has uniform infinite

Lebesgue spectrum in that orthocomplement, the same holds for S. |

Added in June 1992: Independently of this paper, G.H. Choe has proved Theo-
rem 1 assuming that the cocycle ¢ belongs to C%(R).
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